In this paper we prove that generalized bent (gbent) functions defined on Z n 2 with values in Z 2 k are regular, and find connections between the (generalized) Walsh spectrum of these functions and their components. We comprehensively characterize generalized bent and semibent functions with values in Z 16 , which extends earlier results on gbent functions with values in Z 4 and Z 8 . We also show that the Gray images of gbent functions with values in Z 2 k are semibent/plateaued when k = 3, 4.
Introduction
Let V n be an n-dimensional vector space over F 2 and for an integer q, let Z q be the ring of integers modulo q. We label the real and imaginary parts of a complex number z = α + βi, α, β ∈ R, by ℜ(z) = α and ℑ(z) = β, respectively. For a generalized Boolean function f from V n to Z q the generalized Walsh-Hadamard transform is the complex valued function
where u, x denotes a (nondegenerate) inner product on V n (we shall use ζ, H f , instead of ζ q , respectively, H
f , when q is fixed). In this article we always identify V n with the vector space F n 2 of n-tuples over F 2 , and we use the regular scalar (inner) product u, x = u · x. We denote the set of all generalized Boolean functions by GB q n and when q = 2, by B n . A function f : V n → Z q is called generalized bent (gbent) if |H f (u)| = 2 n/2 for all u ∈ V n .
We recall that for q = 2, where the generalized Walsh-Hadamard transform of f reduces to the conventional Walsh-Hadamard transform
f (x) (−1) u·x , a function f for which |H f (u)| = 2 n/2 for all u ∈ V n is called a bent function.
Further recall that f ∈ B n is called plateaued if |W f (u)| ∈ {0, 2 (n+s)/2 } for all u ∈ V n for a fixed integer s depending on f (we also call f then splateaued). If s = 1 (n must then be odd), or s = 2 (n must then be even), we call f semibent. With this notation a semibent function is an s-plateaued Boolean function with smallest possible s > 0. Accordingly we call a function f ∈ GB q n , with q = 2 k , k > 1 (the case in which we will be most interested), generalized plateaued if |H f (u)| ∈ {0, 2 (n+s)/2 } for all u ∈ V n and some integer s, and generalized semibent (gsemibent, for short) if |H f (u)| ∈ {0, 2 (n+1)/2 } for all u ∈ V n . Note that differently to a Boolean function, where k = 1, a generalized Boolean function f ∈ GB 2 k n , k > 1, can be generalized 1-plateaued also if n is even.
If f is gbent such that for every u ∈ V n , we have H f (u) = 2 n/2 ζ f * (u) q for some function f * ∈ GB q n , then we call f a regular gbent function. Similar as for bent functions we call f * the dual of f . With the same argument as for the conventional bent functions we can see that the dual f * is also gbent and (f * ) * = f .
The sum
is the crosscorrelation of f and g at z. The autocorrelation of f ∈ GB q n at u ∈ V n is C f,f (u) above, which we denote by C f (u). Two functions f, g ∈ GB q n are said to have complementary autocorrelation if and only if C f (u) + C g (u) = 0 for all u ∈ V n \ {0}.
Let f : V m → Z q . If 2 k−1 < q ≤ 2 k , we associate a unique sequence of Boolean functions a i : V m → F 2 , 1 ≤ i ≤ k, such that f (x) = a 1 (x) + · · · + 2 k−1 a k (x), for all x ∈ V m .
If q = 2 k , following Carlet [1] , we further define the generalized Gray map ψ(f ) : GB q n → B n+k−1 by ψ(f )(x, y 1 , . . . , y k−1 ) =
It is known [1] that the reverse image of the Hamming distance by the generalized Gray map is a translation-invariant distance.
Generalizations of Boolean bent functions, like negabent functions and the more general class of gbent functions have lately attracted increasing attention, see e.g. [2, 3, 4, 6, 8, 9, 10, 11, 12, 13, 14] and references therein.
In [10, 12] 
n were completely characterized in terms of properties of the Boolean functions a i (x). In particular, relations between gbentness of f and bentness of associated Boolean functions have been investigated.
In this paper we analyze relations between gbent functions in GB 2 k n and associated (generalized) Boolean functions. In Section 2, some preliminary results are shown, which we will use in the sequel. In particular we show that every gbent function in GB 2 k n is regular. In Section 3 we comprehensively characterize gbent functions in GB 16 n in terms of associated Boolean functions, as well as in terms of associated functions in GB 4 n , which extends results of [10, 12] on gbent functions in GB 4 n and GB 8 n . Furthermore we analyze generalized semibent functions in GB 16 n in terms of associated Boolean functions. We show in Section 4 that the Gray image of a gbent function in GB 8 n , GB 16 n is semibent, respectively, 3-plateaued, which also extends a result in [12] . Finally, in Section 5 we analyze the relations between gbent functions in GB 2 k n and their components for general k > 1.
Preliminaries
We start with a theorem about the regularity of gbent functions, which is also of independent interest. We prove the result by modifying a method of Kumar, Scholtz and Welch [5] . Proof. If k = 1, the result is known, as we are dealing with classical bent functions. Let k ≥ 2. Let ζ = e 2πi 2 k be a 2 k -primitive root of unity. It is known that Z[ζ] is the ring of algebraic integers in the cyclotomic field Q(ζ).
We recall some facts from [5] (we change the notations slightly). The decomposition for the ideal generated by 2 in Z[ζ] has the form 2 = P 2 k−1 , where P = 1 − ζ is a prime ideal in Z[ζ]. The decomposition group
(u) = 2 k . Now, as in Property 7 of [5] , observing that our generalized Walsh transform is simply S(f, 2 k−1 u) (in the notations of Kumar et al. [5] ; u is a binary vector in our case), then H
is an algebraic integer. Therefore, by Proposition 1 of [5] (which, in fact, it is an old result of Kronecker from
f (u) must be a root of unity. That alone would still not be enough to show regularity since this root of unity may be in a cyclotomic field outside Q(ζ), however, that is not the case here, since the Gauss
From the definition of a Boolean bent function via the Walsh-Hadamard transform we immediately obtain the following equivalent definition, where we denote the support of a Boolean function f by supp(f ) := {x ∈ V n : f (x) = 1}: A Boolean function f : V n → F 2 is bent if and only if for every u ∈ V n the function f u (x) := f (x) ⊕ u · x satisfies |supp(f u )| = 2 n−1 ± 2 n/2 . Our next target is to show an analog description for gbent functions. We use the following lemma.
n with a 1 , a 2 ∈ B n . The generalized Walsh-Hadamard transform of f is given by
n with a 1 , a 2 , a 3 ∈ B n . The generalized Walsh-Hadamard transform of f is given by
,
where
Proof. One can show all cases by straightforward direct calculations (using Lemma 4) or by applying [12, Theorem 2] . For k = 4 both approaches are quite cumbersome. We will only perform the calculations for (i), where k = 2. By Lemma 4, we write
Proof. Assume that there is a nontrivial linear relation of the form
Without loss of generality, we assume that gcd(a, b, c, d) = 1. By moving the last two terms to the right side and squaring, we obtain
, and so,
The first equation shows that c, d must have the same parity, and the second shows that a ≡ 0 (mod 2), say a = 2 r a 1 , r ≥ 1, a 1 ∈ Z. Consequently,
and by the second equation we have 2 2t c 2 1
, which implies that b is odd, we see that 2b 2 ≡ 2 (mod 4). This yields a contradiction since 2 2t c 2 1
The following lemma is used several times in the next few sections, and we find it is worth to be noted on its own.
(1)
Proof. Using Lemma 4, we write
3 Complete characterization of generalized bent and semibent functions in GB 16 n
In this section we characterize gbent functions in GB 16 n in several ways. We write f ∈ GB 16 n as
n . Our objective is to show necessary and sufficient conditions on the components a 1 , a 2 , a 3 , a 4 , b 1 , b 2 , d for the gbentness of f . For the conditions on a 1 and d for the gbentness of a 1 (x) + 2d(x) when n is even, we can refer to our general result in Theorem 20 in Section 5. For the special case of gbent functions in GB 
The first target in this section is to show necessary and sufficient conditions on the Boolean functions a 1 , a 2 , a 3 , a 4 for f to be gbent GB 16 n for even as well as for odd n. Secondly, necessary and sufficient conditions on the functions b 1 , b 2 for the gbentness of f are given. This complete characterization of gbent functions in GB 16 n extends results in [10, 12] on gbent functions in GB 4 n and GB 8 n . Finally we also characterize gsemibent functions f ∈ GB 16 n in terms of a 1 , a 2 , a 3 , a 4 .
n if and only if the conditions (i) (if n is even), or (ii) (if n is odd) hold:
is bent, and for all u ∈ V n we have
and
is semibent, and for all u ∈ V n we either have
Taking norms and squaring, in this case we get
Equivalently,
We denote by A, C, D, W the Walsh-Hadamard transforms 
, and moreover that (see also [12, Corollary 18 
Furthermore, with straightforward computations we get
With (3) and (4) for Equation (2) we obtain
Now suppose that f is gbent in GB 16 n , i.e., |H
are Z-linearly independent, and hence we arrive at the following a system of equations (in the variables A, B, C, D, X, Y, Z, W ) with solutions in Z:
Let 2 t be the largest power of 2 which divides all, A, B, C, D, X, Y, Z and W , i.e., A = 2 t A 1 , etc., with at least one of the A 1 , B 1 , . . . being odd. First, if n is even and t > n 2 , then t = n 2 + 1 only. Dividing by 2 2t , the first equation of (6) becomes
, which gives the solution (±1, ±1, 0, 0, 0, 0, 0, 0) (and permutations of these values). However, a simple computation reveals that none of these possibilities also satisfies the last three equations of (6). If n is odd and t > n+1 2 , then t must be t = n+3 2 , but this implies that only one value out of A, B, . . . is nonzero and again, that is impossible to satisfy the last three equations of (6) . Assume now that t < n 2 . The first equation of (6) 
One can certainly argue exhaustively, or by considering every residues for A 1 , B 1 , . . . , modulo 4 and imposing the condition that the 2nd, 3rd, 4th equations of our system also must be 0 modulo 16, we only get possibilities (0, 0, 2, 2, 0, 0, 2, 2), (0, 2, 0, 2, 0, 2, 0, 2), (0, 2, 2, 0, 0, 2, 2, 0), (2, 0, 0, 2, 2, 0, 0, 2), (2, 0, 2, 0, 2, 0, 2, 0), (2, 2, 0, 0, 2, 2, 0, 0) for (A 1 , B 1 , . . .) modulo 4, but that implies that all A 1 , B 1 , . . . are even, but that contradicts our assumption that t is the largest power of 2 dividing gcd(A, B, . . . , ). This shows that the only possibility is 2 t = 2 n/2 if n is even, and 2 t = 2 (n+1)/2 if n is odd.
Thus, one needs to find integer solutions for the equation
for n odd, which also satisfy the last three equations in (6) . Again, Mathematica renders the following: if n is even, then 2 
(1, Therefore, in the case of even n we see that if f is gbent, then
It is a straightforward computation to see that under these conditions, f is also gbent in GB
16
n . In the case of odd n we see that if f is gbent, then a 4 , a 2 ⊕a 4 , a 3 ⊕a 4 , a 2 ⊕ a 3 ⊕ a 4 , a 1 ⊕ a 4 , a 1 ⊕ a 2 ⊕ a 4 , a 1 ⊕ a 3 ⊕ a 4 , a 1 ⊕ a 2 ⊕ a 3 ⊕ a 4 are semibent with the extra conditions that W a 4 (u)W a 2 ⊕a 4 (u) = W a 1 ⊕a 4 (u)W a 1 ⊕a 2 ⊕a 4 (u) = ±2 n+1 , and W a 3 ⊕a 4 (u) = W a 2 ⊕a 3 ⊕a 4 (u) = W a 1 ⊕a 3 ⊕a 4 (u) = W a 1 ⊕a 2 ⊕a 3 ⊕a 4 (u) = 0, or W a 2 ⊕a 4 (u) = W a 4 (u) = W a 1 ⊕a 4 (u) = W a 1 ⊕a 2 ⊕a 4 (u) = 0, and W a 3 ⊕a 4 (u) W a 2 ⊕a 3 ⊕a 4 (u) = W a 1 ⊕a 3 ⊕a 4 (u)W a 1 ⊕a 2 ⊕a 3 ⊕a 4 (u) = ±2 n+1 , for all u ∈ F n 2 . Reciprocally, it is straightforward to check that under these conditions, f is also gbent in GB 16 n . [7] for a proof ) about the number of solutions for the first equation of (6) , that is,
Remark 10. It is not sufficient to only use what is known (see
(of course, counting signs and permutations), since the form of these solutions is not known in general.
Remark 11. If in f (x) = a 1 (x) + 2a 2 (x) + 2 2 a 3 (x) + 2 3 a 4 (x) some of the Boolean functions a i , i = 1, 2, 3, 4, are the zero function, and hence the value set of f is restricted accordingly, then the conditions in Theorem 9 of course will simplify. For instance we can immediately infer from Theorem 9 that f (x) = a 1 (x) + 2 3 a 4 (x) ∈ GB 16 n is gbent for even n if and only if a 4 , a 1 ⊕ a 4 are both bent, and never gbent for odd n. If a 3 = 0, i.e., f takes on only values in {0, 1, . . . , 7}, then f is not gbent (which is also quite apparent with a direct argument via the generalized Walsh-Hadamard transform -and similarly holds for functions in GB n with their generalized Walsh-Hadamard transforms satisfying the following conditions, (i) for n even, respectively, (ii) for n odd, for all u ∈ V n :
Proof. By Lemma 4, the generalized Walsh-Hadamard transform of f (labeling ζ := ζ 16 ) can be written as
First we assume that
n , with their generalized Walsh-Hadamard transforms satisfying (i) if n is even respectively (ii) if n is odd. With Equation (8) we get the claim (to ease with the computation, we used a Mathematica program).
Conversely, we assume that f is gbent in GB 
From Theorem 9, we already know that A, B, C, . . . are two or three valued (depending upon the parity of n). Running a short script through the possible values described in Theorem 9, we see that the last claim of our current theorem is true as well.
With the same approach as in Theorem 9 we can also obtain results on the semibentness of functions in GB 16 n .
Theorem 13. Let f ∈ GB
16 n be given as f (x) = a 1 (x) + 2a 2 (x) + 2 2 a 3 (x) + 2 3 a 4 (x), a i ∈ B n , 1 ≤ i ≤ 4. Then f is gsemibent when n is odd, and generalized 2-plateaued when n is even, if and only if the Boolean function c 1 a 1 ⊕ c 2 a 2 ⊕ c 3 a 3 ⊕ a 4 is semibent for all c i ∈ F 2 , i = 1, 2, 3, such that for all u ∈ V n their Walsh-Hadamard transforms are either all zero, or they satisfy
Proof. Assume that f is gsemibent in GB 16 n when n is odd, respectively generalized 2-plateaued when n is even. Then |H
Using the notations of Theorem 9, from Equation (5), we immediately get
f (u)| = 2 (n+2)/2 (for n even), then (5) again yields the system of equations (6) A, C, D, W, B , X, Y, Z) (for n even) can only take the values from Equation (7). Straightforward one confirms that the converse is also true, and the theorem is shown.
Remark
4 Gbents in GB It was shown in [12] that f ∈ GB 4 n , with f (x) = a 1 + 2a 2 (x), a 1 , a 2 ∈ B n , is gbent if and only if the Gray image ψ(f ) is bent if n is odd, or semibent and the associated a 2 and a 1 ⊕ a 2 have complementary autocorrelation if n is even. It is the purpose of this section to extend this result. We show that the Gray image of every gbent function in GB 8 n is semibent, and the Gray image of every gbent function in GB 16 n is semibent if n is odd, and 3-plateaued if n is even. We start with a lemma.
Lemma 15. Let n, k ≥ 2 be positive integers and F :
Proof. We will show our claim by induction on k. For k = 2 we have
which implies our claim by the induction assumption.
Proof. Recall that ψ(f )(x, y 1 , y 2 ) = a 1 (x)y 1 +a 2 (x)y 2 +a 3 (x). By Lemma 15,
Assume first that n is even. Since f is gbent, by [12, Theorem 19] , a 3 , a 1 ⊕ a 3 , a 2 ⊕a 3 , a 1 ⊕a 2 ⊕a 3 are all bent and
. Using these in Equation (9), we obtain 
Therefore, W ψ(f ) attains the values 0, ±2 (n+4)/2 , thus ψ(f ) is semibent. We now consider the case of odd n. Then, by [12, Theorem 19] , a 3 , a 1 ⊕ a 3 , a 2 ⊕ a 3 , a 1 ⊕ a 2 ⊕ a 3 are all semibent and, W a 3 (u) = W a 1 ⊕a 3 (u) = 0 and |W a 1 ⊕a 2 ⊕a 3 (u)| = |W a 2 ⊕a 3 (u)| = 2 (n+1)/2 , or |W a 3 (u)| = |W a 1 ⊕a 3 (u)| = 2 (n+1)/2 and W a 1 ⊕a 2 ⊕a 3 (u) = W a 2 ⊕a 3 (u) = 0.
, with ǫ 1 , ǫ 2 taking values from {−1, 1}. Then from (9) we obtain
from which we infer that
, with ǫ 1 , ǫ 2 taking values from {−1, 1}. As before, from (9) we obtain
One could ask whether the converse of the previous theorem holds. In general, if we make no other assumptions on the semibent ψ(f ), a simple computation reveals that the possible values for 2 −n |H f (u)| 2 (if n is even), respectively, 2 −(n−1) |H f (u)| 2 (if n is odd) are 4 ± 2 √ 2, 3 ± 2 √ 2, 2 ± √ 2, 3, 2, 1, 0 (H f (u) in both cases belongs to an 81 element set whose normalized square norms belong to the previous set of values).
Also we would like to recall at this position that by Theorem 19 in [12] , f (x) = a 1 (x) = 2a 2 (x) + 2 2 a 3 (x) is gbent if and only if 2
is one of the following tuples (−1, −1, −1, −1), (−1, 1, −1, 1), (−1, −1, 1, 1), (−1, 1, 1, −1) , (1, −1, −1, 1), (1, 1, −1, −1), (1, −1, 1, −1), (1, 1, 1, 1) if n is even, and 2 In general, for a semibent function F : V n+2 → F 2 of the form F (x, y 1 , y 2 ) = a 3 (x) ⊕ y 1 a 1 (x) ⊕ y 2 a 2 (x), the Boolean functions a 1 , a 2 , a 3 may not satisfy those conditions. In fact, as the following example shows, a generalized Boolean function f which is not gbent, may have a semibent Gray image. Let n = 3, k = 3, and f (x 1 , x 2 , x 3 ) = x 1 + 2x 2 + 4x 3 , that is, a 1 (x 1 , x 2 , x 3 ) = x 1 , a 2 (x 1 , x 2 , x 3 ) = x 2 , a 3 (x 1 , x 2 , x 3 ) = x 3 , and so, ψ(f )(x 1 , x 2 , x 3 , y 1 , y 2 ) = x 1 y 1 ⊕ x 2 y 2 ⊕ x 3 . Then the Walsh-Hadamard spectrum of ψ(f ) is {0, ±8}, and so, it is semibent, but of course, f is not gbent (since it would require a 3 , a 1 ⊕ a 3 , a 2 ⊕ a 3 , a 1 ⊕ a 2 ⊕ a 3 to at least be semibent, which, certainly, they are not).
Below we present the corresponding result on the Gray image of a gbent function in GB 16 n .
n is gbent, then its Gray image ψ(f ) is semibent in B n+3 if n is odd, and 3-plateaued in B n+3 if n is even.
Proof. Recall that the Gray image of f is ψ(f )(x, y 1 , y 2 , y 3 ) = y 1 a 1 (x) ⊕ y 2 a 2 (x) ⊕ y 3 a 3 (x) ⊕ a 4 (x). By Lemma 15, its Walsh-Hadamard transform is given by
By going through the 32 cases of Theorem 9 for the Walsh-Hadamard transforms in the expression above (16 for n even and 16 for n odd), we obtain that the Walsh-Hadamard spectrum is {0, ±2 3+n/2 } (for n even) and {0, ±2 2+(n+1)/2 } (for n odd), hence the claim.
As we also observed for the k = 3 case, the converse of the above theorem is not true, in general. For example, for n = 4, k = 4, let f (x 1 , x 2 , x 3 , x 4 ) = x 1 +2x 2 +4·1+8(x 3 ⊕x 4 ), and so, a 1 (x 1 , x 2 , x 3 , x 4 ) = x 1 , a 2 (x 1 , x 2 , x 3 , x 4 ) = x 2 , a 3 (x 1 , x 2 , x 3 , x 4 ) = 1, a 4 (x 1 , x 2 , x 3 , x 4 ) = x 3 ⊕ x 4 . One can see that f is not gbent since the conditions of Theorem 9 are not satisfied, however, the Gray image ψ(f ) has Walsh-Hadamard spectrum {0, ±32} and so it is 3-plateaued in B 7 .
Finally we observe that for k = 2, 3, 4 the Gray image of a gbent function in GB
Gbent functions and bent functions
In this section we present connections between gbent functions and their components for the general case of gbent functions in GB To show that g c is bent for every c ∈ F k−1 2 , we write f u (x), u ∈ V n , as f u (x) = c 1 a 1 (x) + · · · + c k−1 2 k−2 a k−1 (x) +c 1 a 1 (x) + · · · +c k−1 2 k−2 a k−1 (x) + 2 k−1 (a k (x) + u · x) := h(x) +h(x) + 2 k−1 (a k (x) + u · x), wherec = c ⊕ 1. Note that every 0 ≤ r ≤ 2 k−1 − 1 in the value set of a 1 (x) + · · · + 2 k−2 a k−2 (x) has then a unique representation as h(x) +h(x). Consider x for which h(x) +h(x) = r + s = ρ u . Again from b (u)
we infer that for half of those x we have a k (x) ⊕ u · x = 0. As a consequence, we also have
for exactly half of those x. (Observe that h(x 1 ) = h(x 2 ) = r implies c 1 a 1 (x 1 ) ⊕ · · · ⊕ c k−1 a k−1 (x 1 ) = c 1 a 1 (x 2 ) ⊕ · · · ⊕ c k−1 a k−1 (x 2 ).) Similarly as above, among all x ∈ V n for which h(x) +h(x) = ρ u , there are b
ρu for which a k (x) ⊕ u · x = 0, and there are b (u)
ρu ± 2 n/2 for which a k (x) ⊕ u · x = 1. From this we conclude that |{x ∈ V n : h(x) +h(x) = ρ u and f u (x) = 1}| − |{x ∈ V n : h(x) +h(x) = ρ u and f u (x) = 0}| = ±2 n/2 . Therefore W gc (u) = x∈Vn (−1) gc(x)+u·x = ±2 n/2 , and g c is bent.
Theorem 18, which assigns to a gbent function a family of bent functions, provides a necessary condition for a function f ∈ GB 2 k n to be gbent. For k > 2 the condition is not necessary. As the following example shows, the additional conditions on the Walsh spectra for k = 3 given in [12, Theorem 19] and for k = 4 given in our Theorem 9, are required (and not implied implicitly by the bentness of the associated Boolean functions). We remark that, as also our Theorem 9 indicates, these additional conditions become complicated as k increases.
Example 19. Let n be even, a 4 be a bent function, a 1 be an arbitrary Boolean function, both in B n , set a 2 :=ā 1 , a 3 := 0. Certainly, for every triple (c 1 , c 2 , c 3 ) , the function c 1 a 1 (x) ⊕ c 2 a 2 (x) ⊕ c 3 a 3 (x) ⊕ a 4 (x) = (c 1 ⊕ c 2 ) ⊕ a 4 (x) is bent, but the conditions of Theorem 9 are not satisfied and so, a 1 (x) + 2a 2 (x) + 2 2 a 3 (x) + 2 3 a 4 (x) is not gbent.
We close this section with a result which also reveals an inductive approach to the study of gbent functions in GB H in GB 2 k−j n , 1 ≤ j ≤ 4, and using the results in this paper.
